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Abstra t
We investigate parallel sear hing on

m

on urrent rays. We assume that a target

lo ated somewhere on one of the rays; we are given a group of
of whi h has to rea h

t.

m

t is

point robots ea h

Furthermore, we assume that the robots have no way of

ommuni ating over distan e. Given a strategy
ratio dened as the ratio of the time needed
the time needed to rea h

t

if the lo ation of

t

S we are interested in the ompetitive
by the robots to rea h t using S and
is known in advan e.

If a lower bound on the distan e to the target is known, then there is a simple
strategy whi h a hieves a
is a lower bound on the

m. We show that 9
m  2.

ompetitive ratio of 9independent of

ompetitive ratio for two large

lasses of strategies if

If the minimum distan e to the target is not known in advan e, we show a lower
k
ompetitive ratio of 1 + 2(k + 1)
=k k where k = log m where log is

+1

bound on the

d

e

used to denote the base 2 logarithm. We also give a strategy that obtains this ratio.
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Introdu tion

Sear hing for a target is an important and well studied problem in roboti s.
In many realisti situations the robot does not possess omplete knowledge
about its environment, for instan e, the robot may not have a map of its
surroundings, or the lo ation of the target may be unknown [36,8,9,11,12,15
17℄.
The sear h of the robot an be viewed as an on-line problem sin e the robot's
de isions about the sear h are based only on the part of its environment that
it has seen so far. We use the framework of ompetitive analysis to measure the
performan e of an on-line sear h strategy S [18℄. The ompetitive ratio of S is
dened as the maximum of the ratio of the traveling time needed for a robot
to nd the target using strategy S to the optimal distan e from its starting
point to the target, over all possible lo ations in the environment of the target.
Note that we have normalized the speed so that time equals distan e for a full
speed strategy.
A problem with paradigmati status in this framework is sear hing on m
on urrent rays. Here, a point robot oras in our asea group of point
robots is imagined to stand at the origin of m on urrent rays. One of the
rays ontains the target t whose distan e to the origin is unknown. A robot
an dete t t only if it stands on top of it. It an be shown that an optimal
strategy for one robot is to visit the rays in y li order, in reasing the step
length ea h time by a fa tor of m=(m 1). In the beginning the robots starts
with a step length of 1 whi h is assumed to be a lower bound on the distan e
to t [1,7℄. The ompetitive ratio Cm a hieved by this strategy is given by
m

1 + 2 (m m1)

m

1:

The lower bound for sear hing on m rays has proved to be a very useful tool for
proving lower bounds for sear hing in a number of lasses of simple polygons,
su h as star-shaped polygons [14℄, generalized streets [6,13℄, HV-streets [5℄,
and  -streets [5℄.
In this paper we are interested in obtaining upper and lower bounds for the
ompetitive ratio of parallel sear hing on m on urrent rays. This problem has
been addressed before in two ontexts.
The rst ontext is the on-line onstru tion of hybrid algorithms the setting
of whi h an be des ribed as follows [10℄: We are given a problem Q and m
approa hes to solving it. Ea h approa h is implemented by an algorithm whi h
is alled a basi algorithm. We have a omputer with k  m disjoint memory
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areas whi h an be used to run one basi algorithm and to store the results
of its omputation. Only a single basi algorithm an be run by the omputer
at a given time. It is not known in advan e whi h of the algorithms solves
the problem Qalthough we assume that there is at least oneor how mu h
time it takes to ompute a solution. In the worst ase only one algorithm
solves Q whereas the others do not even halt on Q. One way to solve Q is to
onstru t a hybrid algorithm that uses the basi algorithms in the following
way. A basi algorithm is run for some time, and then the omputer swit hes
to another algorithm and so on until Q is solved. If k < m, then there is not
enough memory to save all the intermediate results. So sometimes the urrent
intermediate results have to be dis arded and to be re omputed later from
s rat h.
A dierent way to look at this problem is to assume that we are given k robots
that have to sear h on m rays for a target t with k < m. Ea h ray orresponds
to a basi algorithm, and a robot orresponds to a memory area. At any time
we are allowed to move only one robot. Dis arding intermediate results of the
basi algorithm A orresponds to moving the robot on the ray orresponding
to A ba k to the origin.
Kao et al. [10,19℄ present an algorithm for the above problem that a hieves
an optimal ompetitive ratio of

+ 2 (m (mk +k1)
)

m k

k

+1

m k

whi h is, of ourse, also the ompetitive ratio of sear hing with k robots on m
rays if only one robot is allowed to move at a time.
In the se ond ontext a group of m point robots sear hes for the target. Again
neither the ray ontaining the target nor the distan e to the target are known.
Now all the robots have to rea h the target and the only way two robots an
ommuni ate is if they meet, that is, they have no ommuni ation devi e.
We are going to use this model in our paper. Baeza-Yates and S hott investigate sear hing on the real line, that is, the ase m = 2 [2℄. They present two
strategies both of whi h a hieve a ompetitive ratio of 9. They also onsider
sear hing for a target line in the plane with multiple robots and present symmetri and asymmetri strategies. However, the question of optimality, that
is, orresponding lower bounds, is not onsidered.
In this paper we investigate sear h strategies for parallel sear hing on m onurrent rays. If a lower bound on the distan e to the target is known, then
there is a simple strategy that a hieves a ompetitive ratio of 9independent
of m. We show that even in the ase m = 2 there is a mat hing lower bound
of 9 on the ompetitive ratio of two large lasses of strategies, monotone and
3

symmetri strategies. Moreover, we show that a lower bound of

C for m

=2

implies a lower bound of C for m > 2as is to be expe ted. This implies, in
parti ular, that there is no monotone or symmetri strategy for arbitrary m
that has a ompetitive ratio better than 9. For monotone strategies we an
even strengthen this result and show that
Ck

where k

= 1 + 2(k + 1) +1=k ;
k

= dlog me is lower bound on the

k

ompetitive ratio.

We also onsider the ase that the minimum distan e to the target is not known
in advan e whi h turns out to be essentially equivalent to restri ting ourselves
to monotone strategies. We again show a lower bound on the ompetitive ratio
of Ck where k = dlog me. We also present a (monotone) strategy that a hieves
this ompetitive ratio.
The paper is organized as follows. In the next se tion we present some definitions and preliminary results. In parti ular, we present three strategies to
sear h on the line (m = 2), ea h with a ompetitive ratio of 9. In Se tion 3
we show a mat hing lower bound of 9 for two large lasses of strategies. In
Se tion 4 we extend our results to the ase m > 2. Finally, in Se tion 5 we
present an optimal algorithm to sear h on m rays if there is no minimum
distan e to the target.

2

Preliminaries

In the following we onsider the problem of a group of m robots sear hing for
a target of unknown lo ation on m rays in parallel. The robots have the same
maximal speed whi h we assume without loss of generality to be 1 distan e
unit per time unit. If the robots have unbounded speed, then the time to nd
the target (both o-line and on-line) an be made arbitrarily small. The speed
of a robot may be positive (if it moves away from the origin) or negative (if it
moves towards the origin).
Let S be a strategy for parallel sear hing on m rays and TS (D ) the maximum
time the group of robots needs to nd and rea h a target pla ed at a distan e
of D if it uses strategy S . Sin e the maximum speed of a robot is one, the
time needed to rea h the target if the position of the target is known is D time
units. The ompetitive ratio is now dened as the maximum of TS (D )=D , over
all D  0. In some appli ations a lower bound Dmin on the distan e to the
target may be known. If su h a lower bound exists, then we assume without
loss of generality that Dmin = 1. It will turn out that the existen e of Dmin
leads to a drasti ally lower ompetitive ratio if m > 2.
4

We dene dierent lasses of possible strategies to sear h on m rays in parallel.
We say a strategy is monotone if, at all times, all the robots (that do not know
the lo ation of the target) have non-negative speed. We say a strategy is full
speed if all the robots travel at a speed of 1 or 1 at all times. We say a
strategy is symmetri if, at all times, all the robots (that do not know the
lo ation of the target) have the same speed.
We illustrate the dierent types of strategies for m = 2. The optimal monotone
strategy is for ea h robot to travel at a speed of 1=3 on ea h ray. After one
robot has found the target, it runs ba k to fet h the other. This leads to a
ompetitive ratio of 9. This strategy is des ribed in [2℄. In the next se tion we
show a lower bound of 9 on the ompetitive ratio of monotone strategies. The
optimal (full-speed) symmetri strategy is for ea h robot to double the distan e
that has been explored before and then to return to the origin. This strategy
an only be applied if a lower bound on the distan e to the target is known.
It a hieves a ompetitive ratio of 9. Again this strategy is des ribed in [2℄ and
we show a lower bound of 9 on the ompetitive ratio of symmetri strategies
in the next se tion. Finally, an asymmetri strategy is for both robots to walk
together and to use the optimal strategy for one robot to sear h on two rays.
This again yields a ompetitive ratio of 9.

3

Sear hing on Two Rays

In this se tion we onsider the problem of two robots sear hing for a target
of unknown lo ation on the real line in parallel; the robots are initially pla ed
at the origin. We assume in the following that a lower bound on the distan e
from the origin to the target of Dmin = 1 is known.
For monotone strategies we have the following lower bound.

There is no monotone strategy that a hieves a better ompetitive
ratio than 9 to sear h on two rays in parallel.
Theorem 1

PROOF. The proof uses an adversary to pla e the target point in order to
maximize the ompetitive ratio.

Let us enumerate the robots and dene vi (T ) as the average speed of robot
i 2 f1; 2g at time T , i.e., the distan e of the robot to the origin at this time
divided by the time. It is lear that a monotone sear h strategy is ompletely
spe ied by the two average speed fun tions.
First of all we realize that the two robots will not both go in the positive or
negative dire tion sin e then the adversary an pla e the target on the ray not
5

visited by the robots, yielding an innite ompetitive ratio.
Hen e, the two robots go in dierent dire tions. As time passes the robots
move ontinuously and monotoni ally with some speed along the line until
one of them nds the target. This robot now travels at full speed to the other
robot and ommuni ates to it the lo ation of the target and they both return
to this target point. Consider the value vmin spe ied by
vmin

= infmin minfv1 (t); v2(t)g;
t T

where Tmin is the rst point in time su h that both robots are at least a
distan e Dmin from the origin. From the denition of vmin , we know that
v1 (T )  vmin and v2 (T )  vmin , for all T > Tmin .
For any " > 0, there is a time T"  Tmin su h that either v1 (T" )  vmin + "
or v2 (T" )  vmin + ". Assume without loss of generality that for some spe i
" it holds for v1 (T" ). By the denition of monotoni ity T"  Tmin and hen e
v1 (T" )T"  v1 (Tmin )Tmin = Dmin , so the adversary pla es the target at the
point D" = v1 (T" )T" . A lower bound on the ompetitive ratio C of the strategy
an now be expressed as
C

 T +D2T
"

R

"

;

where TR denotes the time for the robot that found the target to rea h the
se ond robot at full speed. Sin e they both have to return to the target this
adds an extra term TR . Be ause of the monotoni ity of the strategy we an
express the time TR by
TR

= D + v2(T + T )(T + T ):
"

"

R

"

R

This is be ause the robot that nds the target goes towards the other robot
at full speed traveling rst the distan e D" and then the distan e v2 (T" +
TR )(T" + TR ) until they meet. We have that
TR

= D1 + vv2((TT ++ TT ))T
"

2

where we an assume that v2 (T"
rea hes robot 2. Hen e,

C

+T )
R

<

"

R

"

R

1 sin e otherwise

 T + 2(v1(T )T + v2 (Tv (+T T)T)T )=(1
"

"

"

"

1

R

"

"

"
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"

( + T ))

v2 T"

R

robot 1 never

= v (1T ) + 1 v (T2 + T ) + v (2T ) (1 v2v(T(T+ +T T) ))
1
2
1
2
 v 1+ " + 1 2v + (v 2 + ") (1 v v )
"
 9 1 18
+ 3" ;
"

"

"

R

R

"

"

R

min

min

min

min

min

sin e the above expression is minimized for vmin
tends to 0. 2

=

1
3 and it tends to 9 as

"

Next we look at symmetri strategies. The following lemma shows that only
full speed strategies need to be onsidered.

For all " > 0 and all strategies S , there is a full speed strategy S 0
su h that the ompetitive ratio of S 0 is at most (1 + ") times the ompetitive
ratio of S .
Lemma 2

Divide the time into small intervals of length Æ . If strategy S has
average speed v in an interval I , then let S 0 be the full-speed strategy that
rst travels ba k for (1 v )Æ=2 time units and then forward for (1 + v )Æ=2
time units in I . At the end of I the robot is at the same position as if it had
used S . By letting Æ go to 0, the laim follows. 2

PROOF.

The previous lemma tells us that we an simulate any strategy with a full
speed strategy and therefore we only have to onsider full speed strategies if
we are given a lower bound on the distan e to the target.
In the following we show a lower bound for symmetri full speed strategies.
We start with the ase m = 2 and onsider the general ase later.

Let S be a symmetri strategy. Then, there is a sequen e of positive
numbers (y0 ; y1 ; y2 ; : : :) su h that the ompetitive ratio CS of S satises
Lemma 3

CS

 sup 1 + 2
k

1

Pk+1
i

=0

yk

yi

:

PROOF. Sin e the strategy is symmetri , the two robots will use the same
lo al strategy to sear h its own ray. Furthermore, by Lemma 2 we an assume
that it is a full speed strategy. We an model a full speed strategy for a robot
by saying that it rst moves a distan e x0 forward along the ray at full speed,
then it moves a distan e y0 ba kwards at full speed, then a distan e x1 forward,
a distan e y1 ba kward, and so on. When one of the robots nds the target,
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xk+1

yk
xk

Uk

Lk

Lk+1

s

Fig. 1. The denition of

Uk

and

Lk .

it runs ba k at full speed until it meets the other robot, and they both run to
the target at full speed.
The proof uses an adversary to pla e the target point in order to maximize
the ompetitive ratio.
We say that a robot is in step k when it moves forward and ba kward the
k + 1st time. Let Lk denote the distan e to the origin of the turning point
where the robot begins step k and let Uk denote the distan e to the origin
of the turning point where the robot starts to move ba kwards during step k
(see Figure 1).
We have that
L0
Lk
Uk

= 0;
=L 1 + x
k

k

1

=L + x =
k

k

yk
xk

=

1

+

X1

X1

k
i

=0

xi

k
i

=0

xi

yi ;

=

yi

yk

+

k
X
i

=0

xi

yi :

The total time that the robot has traveled when it ompletes step k is
Tk

=

k
X
i

=0

xi

+y:
i

We an assume that Uk 1 < Uk , sin e otherwise, the strategy will not explore
any new part of the ray during step k , and we an ex hange the strategy for
another equivalent one, where the assumption holds. In parti ular, we an
assume that yk < xk+1 , for all k  0.
Furthermore we an assume that yk  Uk for all k  0, that is, a robot always
stays on the same ray, sin e if this does not hold, we an ex hange the strategy
for an equivalent one where, if the two robots meet at the origin, they ex hange
pla es and ontinue on their own ray instead of the other robot's ray.
Assume that the target is pla ed at distan e D with
8

1=D

min

 D and that

the two robots meet in step k , that is, during the time that one robot travels
from Uk to Lk+1 , say at point q 2 [Lk+1 ; Uk ℄. The ompetitive ratio for this
pla ement is given by

( )= T

Ck D

k

1 + xk + (Uk

=1 + 2

q

D
Pk 1
yi + Uk
i

=0

D

) + (q + D ) = 1 + T

k

1 + xk + Uk
D

(1)

;

sin e Tk 1 + xk + (Uk q ) is the time needed to rea h point q and q + D is
the time needed for both robots to return to the target after they have met.
It is interesting to note that, for a given D , the above analysis is ompletely
independent of the step in whi h the target is found and only depends on the
step k in whi h the robots meet.
To ea h step k we will asso iate a pla ement of the target point, su h that the
robot that nds the target nds it during a step no earlier than step k + 1.
The orresponding ompetitive ratio of the pla ement is denoted Ck .
Consider pla ing the target at distan e D after yk . By Lemma 4 we an assume
that yk  Uk 1 , so the robot that nds the target, say robot 1, dis overs it
earliest during step k . We laim that the robots do not meet before step k +1.
The total distan e between the robots is 2D at the time when the target is
found. The distan e is only redu ed during the times when robot 2 travels
ba k towards the origin. During su h a phase the distan e is redu ed by two
distan e units per time unit sin e the robots travel towards ea h other. Now,
if the target is found in step k , then the robots meet in the rst step k  su h
P
that ki=k yi  D . Sin e D > yk , this implies that k   k + 1. If the target
is not found in step k , then the robots meet earliest in step k + 1 anyway.
Hen e, using Equation 1 the ompetitive ratio Ck of pla ing the target after
yk satises

Ck

 sup
D

1+2

2℄yk ;1[

1+2
sin e yk+1

(

Pk+1
i

=0

yk

yi

Pk
i

=0 yi + Uk+1

)

D

= 1+2

Pk
i

=0 yi + Uk+1
yk

;

 U +1.
k

As a result the ompetitive ratio for any symmetri strategy is bounded below
by
C

= sup C  sup 1 + 2
k

0

k

k

9

0

Pk+1
i

=0

yk

yi

as laimed.

2

Lemma 4 Using the terminology of the proof of Lemma 3 there is an optimal
symmetri strategy with yk  Uk 1 , for all k  1.
PROOF. Let S be any strategy su h that yk < Uk 1 for some k  1. We
show that we an ex hange S for another strategy S  su h that its spe ifying
parameters yi and Ui have the property yi = yi , for 0  i < k , Ui = Ui , for
0  i  k and yk  Uk 1.

P
Let k  be the smallest index with ki=k yi  Uk 1 . The index k  must exist
and be nite sin e otherwise we an pla e the target at distan e D > Uk 1
and get an innite ompetitive ratio for the strategy.

We now dene two new spe ifying sequen es yi and Ui of S  whi h will repla e
the sequen es yi and Ui .
For 0  i < k , nothing hanges, that is, we set yi = yi and Ui = Ui . For k we
P
dene Uk = Uk and yk = kl=k yl . Finally, we drop all indi es from k + 1 to k 
and dene Uk+j = Uk +j and yk+j = yk +j , for j  1.
Let Cn (D ) and Cn (D ) be the orresponding ompetitive ratios for strategies
S and S  respe tively, when the target is pla ed at distan e D from the origin,
and the robots meet at step n. Re all that

( )=1+2

Cn D

Pn 1
yi + Un
i

=0

D

;

where n is the step in whi h the two robots meet. For Cn (D ) we have a similar
formula.
We will ompare Cn (D ) and Cn (D ) for all possible meeting steps from one
onwards.

0  i  k, then obviously C (D) = C  (D).
If in strategy S the robots meet in step k  + j , for j  1, then they will meet
in step k + j in strategy S  and it holds that C  + (D ) = C + (D ). Hen e it
only remains to onsider the steps k + 1; : : : ; k  of strategy S .
If the robots meet in step l of strategy S where k +1  l  k  , then they meet
If the robots meet in step i where

i

k

j

i

k j

in step k in strategy S  . To see this, we prove that if robot 2 (whi h does not
know about the target) rea hes the point Uk = Uk , then the distan e between
the two robots is at most 2yk and they meet when robot 2 travels ba k in
step k .
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We rst note that when robot 2 rea hes the point Ul of S , then robot 1 is at
most a distan e 2yl from it (sin e they meet in step l). Similarly, if robot 2
rea hes point Ul 1 , then the distan e is at most 2(yl + yl 1 ). By indu tion we
have that when robot 2 is at point Uk , then the distan e between them is at
P
P
most 2 li=k yi  2 ki=k yi = 2yk as laimed.
The ompetitive ratio of strategy S if the robots meet during step l > k is

( )=1 + 2

Cl D

Pl 1
yi + Ul
i

=0

D

1+2

Pk 1 
y + U
i

=0

i

k

D

=

Ck D

( )

sin e yi = yi , for 0  i  k 1, and Uk = Uk < Ul . Thus, the ompetitive
ratio of strategy S  is at most as large as the ompetitive ratio of S .
Repeating the pro ess for all k in S su h that yk < Uk 1 we get a strategy S 0
with spe ifying parameters yi0 and Ui0 su h that yi0  Ui0 1 for all i  1.
If S was taken as an optimal strategy then obviously S 0 must also be optimal,
thus on luding the proof. 2
Sin e for any sequen e of positive numbers (y0 ; y1 ; y2 ; : : :) the value of

sup 1 + 2
k

0

Pk+1
i

=0

yi

yk

is bounded from below by 9 [1,7℄, we have shown the following theorem.

There is no symmetri strategy that a hieves a better ompetitive
ratio than 9 to sear h on two rays in parallel.
Theorem 5

4

Sear hing on

m

Rays

We now turn to sear hing on m rays in parallel. We assume that a group of
m robots is lo ated at the origin of the rays in the beginning and that again
a lower bound on the distan e to the target is known. We rst show that any
lower bound for sear hing on two rays with two robots implies a lower bound
for sear hing on m rays with m robots.

If C is a lower bound for sear hing on two rays in parallel, then
is also a lower bound for sear hing on m rays in parallel.

Theorem 6

C

11

It is obvious that if the m robots have more information in the
beginning about the lo ation of the target, then the ompetitive ratio for
a strategy that exploits this information does not in rease. Assume that the
robots know that the target is on one of the rst two rays. They an all explore
these rays in ommon using strategy S . We now dene a new strategy S 0 for
sear hing in parallel with two robots on two rays whi h depends on S . At all
times the two robots of S 0 follow the robots in S that are furthest from the
origin on ea h of the two rays. Clearly, it is possible for two robots to maintain
the position of the furthest of the m robots on both rays sin e this position
hanges ontinuously.
PROOF.

Now assume that one robot (of the m robots), say robot i, nds the target.
Clearly, robot i is a robot whi h is the furthest from the origin on its ray.
Hen e, one of the two robots of S 0 nds the target at the same time. Now all
of the other robots have to be notied. It is easy to show by simple indu tion
that we an assume that robot i noties all the other robots itself sin e
(1) no other robot an travel faster to the opposite ray than robot i and
(2) a robot an only start hasing other robots on e it meets a robot that at
some point after the dis overy of the target met robot i.
Obviously, the last robot that is going to be notied is, at the moment of
noti ation, furthest from the origin on the opposite ray. But this robot is at
the same position as the se ond robot of S 0 . Hen e, both strategies need the
same time for all robots to rea h the target and the ompetitive ratio is the
samethis implies the laim. 2

We have the following orollary.

There is no monotone or symmetri strategy that a hieves a
better ompetitive ratio than 9 to sear h on m rays in parallel.
Corollary 7

Now, there is a symmetri strategy that a hieves a ompetitive ratio of 9 to
sear h on m rays in parallel. The strategy is known as the doubling strategy and
goes as follows [1,2,7℄. Ea h robot starts by going one unit at full speed on its
ray and then goes ba k to the origin. Then they ea h go two units, four units,
and so on, on their orresponding ray, always doubling the distan e traveled
and repeatedly going ba k to the origin. On e a robot nds the target, it goes
ba k at full speed to the origin and waits there until the other robots rea h it.
It then ommuni ates the lo ation of the target to the other robots and they
all move at full speed to that lo ation. The ompetitive ratio of the doubling
strategy, if the target is at distan e D from the origin is
12

C

 sup sup
k
k

1 D2℄2

( Pk
2℄

2

=0 2

i

+D

)

D

1; k

Pk

i

= 1 + sup sup
k

= 1 + sup 2 2 =01 2 = 1 + 2 sup 2 2
k

1

i
k

k

i

k

1

+1
k

k

1 D2℄2

1 = 9:

1

( Pk
2℄

2

1; k

i

=0 2

i

)

D

We have proved the following theorem.

The doubling strategy a hieves a ompetitive ratio of 9 to sear h
rays in parallel given a lower bound on the distan e to the target.

Theorem 8

on

m

Corollary 7 an be strengthened onsiderably for monotone strategies. This
also illustrates ni ely that there is a dieren e between monotone and symmetri strategies for m > 2.
Consider a monotone strategy. As time passes the robots move ontinuously
and monotoni ally with some speed along the rays until one of them has found
the target. This robot now travels at full speed to one of the other robots and
ommuni ates to him the lo ation of the target, they both travel to other
robots to ommuni ate the lo ation of the target, and so on. When all robots
know where the target is they all go to this target point. We use this idea to
show the following lower bound.
Theorem 9

ratio than

There is no monotone strategy that a hieves a better ompetitive

= 1 + 2 (k +k1)

k

Ck

k

+1

;

where k = dlog me, to sear h on m rays in parallel given a lower bound on the
distan e to the target.
We start similar to the proof of the ase m = 2. The m robots will
ea h go on a dierent ray sin e otherwise the ompetitive ratio is innite.

PROOF.

1  i  m at time T and
= infmin minfv1(t); v2(t); : : : ; v (t)g;

Let vi (T ) be the average speed of robot
vmin

m

t T

where Tmin is the rst point in time su h that all robots are at least at distan e
Dmin from the origin.
For every " > 0, there is a T" > Tmin , su h that vi (T" )  vmin + ", for one
1  i  m. The adversary pla es the target at a point D" = vi(T")T on ray i.
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On e robot i has found the target, we an designate the robots by two types.
Robots of the rst type are alled the hunters, i.e., the robots that urrently
know the position of the target and are hasing after other robots in order to
onvey this information. The remaining robots are alled the prey, and these
ontinue on their respe tive ray using their monotone strategy. Initially at
time T" , only robot i is a hunter, all the others are prey.
Denote by Tn the rst time when at least n of the m robots are hunters.
We use indu tion to prove the following inequality
Tn



T"



1 + 21

dlog ne

vmin
vmin

:

Note that we an assume that vmin < 1 sin e otherwise the robot that nds
the target will never rea h any other robot.
The base ase n = 1 follows dire tly sin e we know that T1

=T .
"

For n > 1, we prove the laim as follows. The time Tn is of ourse nonde reasing in n. Consider now the point in time Tn , for some spe i n. At
some time prior to Tn , at least dn=2e robots are hunters. Assume otherwise,
i.e., that there are n0 < dn=2e hunters at any time prior to Tn . Then the largest
number of robots that an be ome hunters at time Tn is 2n0 < n, sin e ea h
hunter an produ e at most one new hunter at time Tn . This is a ontradi tion
sin e at time Tn we have at least n hunters. For the same reason, there is a
hunter and a prey that meet at a time T no earlier than Tdn=2e and then one
of them, say robot l, hases some other prey, say robot j , and at hes it at a
time T 0 no later than Tn . Let TR = T 0 T . We have that



Tn

Tdn=2e

+T

R:

The distan e of the robot on ray l to the origin is now vl (T )T and it rea hes
the other robot on ray j at a distan e of vj (T + TR )(T + TR ). Hen e,
TR

 dn=min
fv (T )T + v (T + T )(T + T )g
e  n
 min
fv (T )g Td 2e + min
fv (T + T )g (Td
dn= e
dn= e
T

2

T

T

T

l

T

l

2

j

n=

R

T

T

2

R

j

R

n=

2e + TR ):

Therefore,

TR

 Td

n=

2e

min

T

Tdn=2e fvl (T )g + minT Tdn=2e fvj (T
1 minT Tdn=2e fvj (T + TR )g
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+ T )g
R

 2Td

n=

2e 1

vmin
vmin

:

From above we have that
Tn

 Td

n=

2e + 2Tdn=2e 1



 T 1 + 21 v v

vmin

min

"



vmin

dlog ne

min

Tdn=2e



1 + 21



vmin
vmin

;

by our indu tion hypothesis.
So, after Tm time, all robots are hunters. Assume that (one of) the last robot(s)
to be ome a hunter is robot l. The ompetitive ratio of any monotone strategy
an now be expressed by

 T + v (TD )T + D = 1 + T +v (vT(T)T )T

dlog e 1 + v
v
 1 + 1 + 21 v
v
+"
1 + v  1 + v
(k = dlog me) = 1 + 1 v
v
+"
+1
= 1 + v(1 +(1v v) ) (")
(1 + 2 1+1 ) +1
 1 + 1 (1 1 ) (")
2 +1
2 +1
(
k + 1) +1
=1+2
(");
C

m

l

m

m

m

l

i

m

min

min
k

min

min

min

min

m

"

m

"

min

min

min

min

k

min

k

k

k

k

k

k

k

kk

sin e the expression is minimized for vmin = 1=(2k + 1) and it tends to Ck as
" tends to 0, whi h on ludes the proof. 2
In the next se tion we show that there is a monotone strategy that a hieves
this lower bound.

5

Without Lower Bound on the Minimum Distan e

In this se tion we onsider the problem of a group of m robots sear hing for
a target of unknown lo ation on m rays in parallel where no lower bound on
the distan e from the origin to the target is known. It should be noted that
15

if one allows an additive onstant in the denition of the ompetitive ratio,
then it is not ne essary to know the minimum distan e to the target.
However, using the stronger denition of ompetitive ratio this spe ial ase has
been onsidered before for sear hing on the lineeven with only one sear her
whi h requires somewhat arti ial assumptions on the strategies [7℄. These
assumptions are unne essary in our ase. Moreover, there are problems in
whi h no lower bound on the distan e to the target is known, for instan e,
when one wants to he k whether a polygon is star-shaped or not [14℄.
We begin by presenting a strategy that a hieves the ompetitive ratio

= 1 + 2 (k +k1)

k

Ck

where k
this.

+1

k

;

= dlog me. We then show that, in fa t, no strategy

an do better than

5.1 The Strategy
The optimal strategy is a monotone strategy where all the robots move, one on
ea h ray, with a onstant speed v . When one robot nds the target it sear hes
for a robot at full speed to tell it where the target is lo ated. Then they both
go at full speed to sear h for two more robots and tell them the lo ation of
the target, and so on. After ea h step the number of robots that know the
lo ation of the target is doubled. On e all robots know the lo ation, they all
move to the target. Suppose the target is on some ray and at distan e D from
the origin. The strategy onsists of steps. Step i starts when 2i robots know
the lo ation to the target and ends when 2i+1 robots know the lo ation to the
target; that is, in step i the 2i robots that urrently know the position of the
target hase 2i of those robots that do not. In the last step k = dlog me only
m 2k 1 robots sear h for the remaining robots whereas the rest moves to the
target.
Let Ti denote the time it takes to omplete step i. It takes any of the robots
D=v time to nd the target, and when all robots know the lo ation of the
target, it takes them time TF to go to the target. Hen e, the ompetitive ratio
of the strategy is
C

where k

=

D=v

+ P =01 T + T
k
i

D

= dlog me.
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i

F

;

P

The time that has passed in order to inform 2i robots is D=v + ij =01 Tj . Hen e,
P
at the end of step i 1 all the robots have a distan e of D + v ij =01 Tj to the
origin. The 2i informed robots now start hasing 2i uninformed robots. In
P
order to rea h them, they have to travel a distan e of D + v ij =01 Tj to rea h
P
the origin, a distan e of D + v ij =01 Tj to rea h the lo ation of the hased
robot at the beginning of step i, and a distan e of vTi until the uninformed
robots are nally rea hed. Hen e, Ti is given by the equation
Ti

= 2(D + v

i 1
X
j

=0

Tj

) + vT

i

and

P 1
P 2
2
D + 2v
T
2
D + 2v
=0
=0 T + 2v T  T 1 + v :
T =
=
11 v
1 v
1 v
1 v 1
i
j

i

i
j

j

j

i

i

This is a re urren e relation with the solution
Ti



T0

 1 + v i

1

1 + v
2
D
= 1 v 1 v :
i

v

We obtain

X1

k
i

=0



2
D X1 1 + v
=
1 v
=0 1 v
k

Ti

i

i

 1 + v k

D

1

v

v

1

!
:

By the above onsiderations the time TF it takes for the robots to get to
the target is the time of the last robot that is informed to go to the origin
P 1
D + v ji =0
Tj plus the distan e D to the target
TF

=D+v

X1

k
i

=0

Ti

+D 

D

 1 + v k

1

v

+ D:

So, the ompetitive ratio of the strategy is

1 + v  1 1 + v 
1  1 + v
1
1
+ 1 v +1=1+ v +1 1 v
C +
v
v 1 v
v
!
1 + 2 1+1 !
(
k + 1) +1
1
=1+ 1 +1 1 1 = 1+2 k ;
2 +1
2 +1
k

k

k

k

k

k

if we set the speed v

k

k

= 2 1+1 .
k
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k

We have proved the following result.

There is a monotone strategy that a hieves a ompetitive ratio
of Ck = 1+2(k +1)k+1=kk , where k = dlog me, to sear h on m rays in parallel
if no lower bound on the distan e to the target is known.

Theorem 10

Sin e Theorem 9 remains valid if no lower bound on the distan e to the target
is known, this strategy is an optimal monotone strategy (with or without
minimum distan e to the target). But we an show an even stronger result if
no minimum distan e to the target is known.

5.2 A Lower Bound
There is no strategy at all that a hieves a better ompetitive
ratio than Ck = 1 + 2(k + 1)k+1 =kk , where k = dlog me, to sear h on m rays
in parallel if no minimum distan e to the target is known.
Theorem 11

Any strategy an be spe ied by the average speed fun tions v1 (T );
: : : ; vm (T ) of the m robots. (In onjun tion with information about whether a
robot swit hes ray, at some point in time.) Given these average speed fun tions,
an adversary an extra t information about the time length that a robot moves
monotoni ally along a ray. (This in ludes also the time that a robot stands
still at the origin.) Let Ti , for 1  i  m denote the time that robot i moves
monotoni ally along a ray. Ea h Ti is greater than 0 sin e either the robot
stands still or moves along some ray. Let Tmin = min1im fTi g.

PROOF.

Now onsider the speeds of the robots in the beginning. Assume that robot 1
is (one of) the robot(s) that starts with the least speed vmin , that is, vmin =
limT !0 v1 (T ). 1 For " > 0, let T" be the time su h that, for all 0 < T  T",
(1) v1 (T )  vmin + " and
(2) vi (T )  vmin ", for all

1  i  m.

The adversary now pla es the target on ray 1 at distan e D
TD

= v 1 (T )T
D

D

where

= minfTC; T g ;
"

min

k

for k = dlog me. If the strategy uses more than Ck TD time, then the ompetitive ratio is trivially bounded from below by Ck .

1

We assume that this limit exists, for all 1

like 1=2(sin(1=x) + 1) for the average speed.

18

 i  m. Hen e we disallow fun tions

If, on the other hand, the strategy uses less than Ck TD time, then the strategy
is monotone in the interesting time interval and we an apply a proof similar
to the proof of Lemma 9. Only now Tn satises
Tn

This proves our laim.

6



TD



1 + 21

vmin
vmin

"

+"

dlog ne

:

2

Con lusions

We onsider sear h strategies for parallel sear h on m on urrent rays. We
show that a straight forward generalization of the so alled doubling strategy,
from sear hing on the line to sear hing on m on urrent rays, yields a ompetitive ratio of 9 if a minimum distan e from the origin to the target is known
in advan e. Furthermore, we prove that 9 is a lower bound on the ompetitive
ratio for both monotone and symmetri strategies in this ase.
We also prove a lower bound of

1 + 2 (k +k1)

k

+1

k

on the ompetitive ratio, where k = dlog me, whi h applies to monotone strategies and strategies for the ase when the minimum distan e from the origin
to the target is not known in advan e. Finally, we give a sear h strategy that
a hieves this ratio regardless of whether su h a minimum distan e is known
or not, giving us an optimal sear h strategy in the latter ase.
The question that remains unanswered is whether the lower bound of
be generalized to hold for any strategy.

9

an
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